Using our extension of the quark potential model to hybrid mesons that fits well to the available lattice results, we now calculate the masses, radii, wave functions at origin, leptonic and two photon decay widths, E1 and M 1 radiative transitions for a significant number of bottomonium mesons. These mesons include both conventional and hybrid ones with radial and angular excitations. Our numerical solutions of the Schrödinger equation are related to QCD through the Born-Oppenheimer approach. Relativistic corrections in masses and decay widths are also calculated by applying the leading order perturbation theory. The calculated results are compared with available experimental data and the theoretical results by other groups. We also identify the states of Υ(10860), Υ(11020), and Y b (10890) mesons by comparing their experimental masses and decay widths with our results.
I. Introduction
Models of Quantum chromodynamcis (QCD) can be tested by numerical (lattice) simulations of QCD or by hard experiments. We have earlier [1] suggested extensions to gluonic excitations of the analytical expressions for the quark-antiquark potential. We have good fits of the parameters in these expressions to the lattice simulations for the ground and excited state gluonic field energy values available in ref. [2] for discrete quark antiquark separations. In refs. [1, 3] we used these expressions to calculate a number of measurable quantities for possible conventional and hybrid charomina. Now for the new sector of bottomonia we provide a comprehensive list of phenomenological implications that can be obtained through solving the Schrödinger equation for our extended potential model; we report results for a variety of conventional and hybrid mesons. We include relativistic corrections and some other refinements to this nonrelativistic treatment. For relating the angular momenta in our model with experimentally reported parity P and charge parity C, we use the flux tube model [4] that is applicable to hybrid quantum numbers as well. But the flux tube model was suggested only for large quark antiquark separations; we have earlier [1] pointed out that the additional potential term ( π r ) for hybrids resulting from this model differs significantly from the actual lattice simulations performed [5] . Thus, instead of the flux tube model potential, we use our previously suggested quark potential model that has a very good comparison with these lattice-generated numbers. The relationship of quark potential model to QCD obtained through the adiabatic approximation and the Born-Oppenheimer formalism applies to our extended potential model as well; the already published [1, 3, 5, 6 ] use of Born-Oppenheimer approach in hadronic physics includes gluonic excitations. Using a potential model, we are able to calculate masses, root mean square radii, and radial wave functions at origin of ground state and radially excited hybrid mesons as well. The radial wave function at origin is used in turn to calculate leptonic and two photon decay widths, and radiative transitions of these mesonic states. A comparison of our results for bottomonium mesons of specified J P C states with experimentally known masses and decay widths with the same J P C can help in identifying quarks and gluonic field configurations of the observed bottomonium mesons like Υ(10860), Υ(11020), and Y b (10890).
Heavy hybrid mesons have also been studied using theoretical approaches like constituent gluon model [7, 8, 9] , QCD Sum Rule [10, 11, 12, 13, 14, 15, 16, 17] , lattice QCD [6] , and BetheSalpeter equation [18] . Wherever possible we compare with these theoretical results, along with available experimental numbers.
The paper is organized as follows. In the section 2, the potential models used for conventional and hybrid mesons are written. Then using these potential models, radial wave functions for the ground and excited states of conventional and hybrid bottomonium mesons are calculated by numerically solving the Schrödinger equation. The relativistic corrections are subsequently included by the perturbation theory. The formulas used to calculate leptonic and two photon decay widths and radiative E1 and M 1 transitions are also written in this section. Numerical results for these quantities for a variety of conventional and hybrid mesons are reported in section 3. Using our masses and leptonic decay widths for different J P C bottomonium states, we also suggest possible assignments of Υ(10860), Υ(11020), and Y b (10890) mesonic states indicated through our extension of the quark model to hybrids.
Conventional and Hybrid Bottomonium mesons

Spectrum of conventional mesons
To study the spectrum of conventional bottomonium states we used the following semi-relativistic Hamiltonian including the lowest order relativistic correction
where µ = m b /2 is the reduced mass of the system and m b is the constituent mass of the bottom quark. The effective quark anti-quark potential V(r) adopted from Ref. [19] carries Gaussiansmeared contact hyperfine interaction, one gluon exchange spin-orbit and tensor terms, and the long ranged spin-orbit term in addition to the linear plus Coulombic terms. The complete expression of V(r) is given by
The Coulombic term which is proportional to strong coupling constant α s arises from the one gluon exchange interaction dominating at short distance, whereas the linear term proportional to string tension b is required to produce confinement in the system. The Gaussian-smeared contact hyperfine interaction proportional to S b .Sb, the short distance spin-orbit, and the tensor interactions are also produced by the one gluon exchange process, whereas the long ranged spinorbit term is produced by the Lorentz scalar confinement. The tensor operator in the |J, L, S basis is given by
Here L and S are quantum numbers of the relative orbital angular momentum of quark-antiquark and the total spin angular momentum of the system respectively. Above effective potential carries four unknown parameters, strong coupling constant α s , string tension b, width σ, and bottom quark constituent mass m b . We fixed them by fitting the resulting spectrum to the experimental data composed of masses of ten well known states of bottomonium mesons given in Table I . The best fitted values of these parameters, with relativistic correction, were found to be α s = 0.4, b = 0.11 GeV 2 , σ = 1 GeV, m b = 4.89 GeV. Without the relativistic corrections, the best fitted values of parameters are α s = 0.36, b = 0.1340 GeV 2 , σ = 1.34 GeV, m b = 4.825 GeV. To calculate the spectrum and the corresponding wave functions of the states of the bb system we numerically solved the radial Schrödinger equation given by
where U (r) = rR(r) with R(r) being the radial part of the wave function and L 2= L(L + 1). Non-trivial solutions of this equation, existing only for certain discrete values of E, were found by the shooting method. The above Schrödinger equation assumes that the Hamiltonian H = p 2 2µ + V(r) i.e., without the constant term 2m b and the relativistic correction. Thus to obtain the mass of a bb state we added the constituent quark masses to the above energy E which was further corrected by the perturbation theory for the lowest order relativistic correction to the Hamiltonian. That is,
where
and Ψ is the complete wave function of bb obtained by solving the above Schrödinger equation. It is noted that in limit r → 0 the potential V(r) ∼ 2αs r 3 (L.S + 2T ). It turns out that for S = 1, L.S + 2T is negative for J = L and J = L − 1. As a result, the potential becomes strongly attractive at short distance and the resultant wave function becomes unstable in this limit. To circumvent this problem, we calculated the meson masses by solving Schrödinger equation initially without the spin-orbit coupling. The effect of spin-orbit interaction was subsequently included through the leading-order perturbative correction to the meson mass. However, calculating the perturbative correction to the wave function is difficult as in this case the contribution comes from all possible mass eigen states. Therefore in this case we applied the smearing of position coordinates, as discussed in Ref. [4] , to change the power behaviors of the potential at small distance. At small distance, smearing makes the potential less divergent than 1/r 2 . Thus with its use, the repulsive centrifugal potential l(l + 1)/(2µr 2 ) remains dominating at small distance even if L.S + 2T is negative.
2.2.Characteristics of Hybrid Bottomonium mesons
Our study of hybrid meson is based on Born-Oppenheimer (BO) approximation in which energy levels of gluonic field are first calculated in the presence of staticpair at fixed distance r by Monte-Carlo estimates of generalized Wilson loops [20] . These energy levels modify the effectivepotential V(r) as following
where V g (r) represents the contribution of the gluon field to the effective potential. The functional form of V g (r) depends on the level of gluonic excitation. In this work we study the hybrid mesons in which gluonic field is in its first excited state and fit the following form of V g (r) for a least difference of resulting gluonic excitation and ground state energies and the available lattice data [5] . We have shown in Ref. [1] that this proposed form of V g (r) provides an excellent fit to the lattice data with best fitted values A = 3.4693 GeV, B = 1.0110 GeV, and c = 0.1745. Thus, for the hybrid mesons, the form of the radial differential equation in Eq. (4) is modified as
where the squared quark anti-quark angular momentum L 2[5, 21] 
For the first gluonic excitation, the squared gluon angular momentum J 2 g = 2 and Λ, which is projection of gluon angular momentum J g onaxis, is equal to 1 [5] , making −2Λ 2 + J 2 g = 0. In Eq. (9) it is assumed that L = L+ J g , which combines with total spin S of quark and antiquark to give total angular momentum J = L + S of a hybrid meson.
Using the hybrid potential of Eq. (6), we calculated the masses and radial wave functions of the hybrid mesons by using the same technique as employed for conventional mesons (mentioned above). The effect of the relativistic correction was again determined using the leading-order perturbation theory. The resultant wave functions are plotted in green color in Fig. 1 corresponding to same values of n, L, and S as used for conventional mesons. The shape of these radial wave functions is changed by the addition of the V g term for hybrids, and the values of masses are significantly increased for the same values of n, L, and S. These normalized wave functions of conventional and hybrid bottomonium mesons were then used to calculate root mean square radii and radial wave functions at origin. The applications of radial wave functions at origin are mentioned above in section 1. The leptonic decay widths Γ ee of bottomonium mesons for nS states were calculated by the following formula [22] 
Here e b = −1/3 is bottom quark electric charge and α the electromagnetic fine structure constant. The second term in parenthesis is the leading order radiative correction and ∆(nS) stands for the higher order radiative and relativistic corrections. The value of ∆(nS) is state dependent. Following the Ref. [22] , we fixed it using the experimental value of Γ ee for Υ(4S), which is highest well known excited S-state. We found that for this state ∆(nS) = 0.20. However, the contribution of ∆(nS) is expected to be small for higher excited states as in this case relativistic effects are negligible [22] . So we take it zero for the excited states higher than Υ(4S). For the D states, leptonic decay widths were calculated by the formula [23] 
WE calculated the two photon decay transitions for S and P states by using following expressions [23] Γ(
Radiative transitions involve the emission of photon and are important for the study of mesons because they provide a way to access bb states with different internal quantum numbers n, L, S, J. In E1 transitions orbital quantum numbers are changed but spin remain same. We calculated the E1 radiative partial widths from meson to meson transitions by using the following expression mentioned in Ref. [24] .
Here k γ , E bb f , and M i stand for final photon energy (E γ =
, energy of the final bb meson, and mass of initial state of bottomonium respectively, and
To calculate the M 1 radiative partial widths for meson to meson transitions, the following expression [24] was used:
j 0 (x) is the spherical Bessel function. We used Eqs. (15) and (17) to calculate both types of radiative transitions, i.e., conventional to conventional and hybrid to hybrid. However, E1
transition, which involves the change in L, requires some deliberation as L includes the contribution of gluon angular momentum J g . It is noted that the hybrids involved in E1 transition are calculated using the gluon potential belonging to the first excitation of gluon field for which L 2= L(L + 1) by Eq.(9) meaning that the change in L is caused by the corresponding change in L 2. This gives, according to Eq.(8), the spatial factors of wave functions of initial and final hybrid mesons appearing in Eq. (15). We do not need to change Eq. (15) because hybrid to hybrid transitions are between the same gluonic state, as are the conventional to conventional transitions; a flux tube model based analysis [25] of the E1 transitions involving hybrids replaces the quarks positions in the E1 transition operator by a separable combination of the relative position and a raising operator for the gluonic excitation. This raising operator gives vanishing contribution to the transition amplitude between the hybrids belonging to same gluonic states and only the old quarks relative position operator, producing transitions between conventional mesons, produces the E1 transitions between hybrid mesons.
Results and Discussion
The masses, root mean square radii, radial wave functions at origin, leptonic and two photon decay widths, and radiative transitions are calculated for conventional and hybrid bottomonium mesons including the orbital and radial excited J P C states. The calculated masses of bottomonium mesons using the non-relativistic and relativistic Hamiltonian for the ground and excited states are given in Table 1 along with the experimental and theoretical predictions of the other's groups. Table 1 shows that the lowest bottomonium meson's mass is ≈ 9.5 GeV. Masses for hybrid bottomonium mesons using the non-relativistic and relativistic Hamiltonian for the ground state, orbital and radial excited states are reported in Table 2 . For differentiating the symbols of conventional and hybrid mesons, a superscript h is used with the corresponding conventional meson symbol having the same values of n, L, and S. This is the same convention used earlier in our Ref. [3] . In our calculations, the lowest hybrid bottomonium has J P C = 0 ++ (0 −− ) with mass equal to 10.8069 GeV that is comparable to results mentioned in Ref. [8] . A comparison of Table 1 and 2 shows how much the mass of a hybrid meson is more than that of the corresponding conventional meson with same quantum numbers (n, L, and S). It is noted that J P C of each hybrid meson is different from the corresponding conventional meson for same L and S. This difference is due to additional quantum numbers (Λ, ε, and η) present in the squared quark anti-quark angular momentum term for hybrid mesons defined in Eq. (9) and in the following expressions for the parity (P ) and charge parity (C) of hybrid mesons.
where Λ = 0, 1, 2, .... correspond to the states represented by symbols Σ, Π u , ∆, ... in Ref. [5] .
Here Σ represents the mesons with ground state gluonic field, Π u corresponds to the mesons with first excited state gluonic field and so on. η = −1 and ε = ±1 for Π u state [5] . It is noted that parameter ε has two possible values +1 and -1 for first gluonic excited state which we include in the study of hybrid mesons in our present work. As a result we obtain two degenerate hybrid states with opposite values of P and C. (This degeneracy has been recently discussed in Ref. [26] along with the nature of the approximation of using this in QCD.) For ε = 1 the hybrid mesons are non-exotic, whereas exotic hybrid mesons are obtained for ε = −1 as shown in the Table 2 . The comparison of our calculated masses of bottomonium hybrid mesons with those by others is given in Table 3 . We do not get as much differences in bottomonium hybrid masses predictions as lattice QCD and sum rules-based works report. But the constituent gluon model approach of Ref. [7] has differences comparable to ours. For J P C = 1 −+ we have an almost agreement with Ref. [7] . Our calculations give 10.8069 GeV for the mass of the lightest hybrid in the bottomonium sector without any radial excitation. This has J P C = 0 −− . Ref. [7] reports the lightest hybrid meson to have a mass of 10.50 GeV with J P C = 1 −− . The calculations reported in Refs. [17] and [27] using the QCD sum rule give lightest hybrid mass as low as 9.68 GeVwith J P C = 0 −+ . This is part of their lightest hybrid supermultiplet. They take corresponding positive parity states belonging to the heavier hybrid supermultiplet starting from 10.17 GeV. But in the leading B.O. approximation, the Π + u potential is same as that for Π − u ( [5, 6] ) meaning that both parity states have the same mass. We use leading order B.O. approximation and thus have the same mass for both parities and both hybrid supermultiplets. Ref. [6] arbitrarily choose the mass of the 1 −− member of their ground state H 1 multiplet, as defined in their Ref.46, to be the BB threshold i.e. 10.559 GeV and use the splittings from their Ref.14 to estimate the masses of the other bottomonium hybrids in lattice NRQCD. These masses remain heavier than the chosen 1 −− mass of 10.559 GeV. When they repeat the same procedure for the lattice QCD, this time choosing the 1 −+ member of the ground state H 1 multiplet, they get the light bottomonium hybrid to be 10.159 GeV with J P C = 0 +− having significant statistical errors of the lattice calculations and uncertainties from setting the heavy-quark mass. Ref. [6] reports 440 MeV difference between the masses of the 1 −− states in their radially ground and excited multiplets, which is significantly more than our corresponding difference of 128 MeV. The quark confining string model has been used [28] recently in QCD multipole expansion. For the radially ground state (i.e. n = 1), the only value they need and calculate, their calculated mass is 10.785 GeV with J P C = 1 −− which is not much different to our corresponding hybrid mass. A closely related vibrating string (flux tube) model used in [29] has a nearly same value i.e. 10.789 GeV resulting from their model 3, but their model 1 gives a hybrid meson mass as 10.560 GeV.
Our root mean square radii and radial wave functions at origin for the ground and orbitally and radially excited states of conventional and hybrid bottomonium mesons are also reported in Tables 1 and 2 respectively. We used the wave function at origin to calculate leptonic and two photon decay widths of conventional and hybrid bottomonium mesons using Eqs. 10 to 14. Our calculated widths are given in Table 4 and 5 along with the corresponding available experimental data. The annihilation of the quarks takes place at the scale defined by the Compton wave length 1/m q which is close to zero for heavy quarks and hence the decay constant of a quarkonium state is proportional to square of its wave function at origin. Our results of wave functions at origin for conventional bottomonia given in Table 1 show that their values decrease with n, which implies that decay rates also decrease with increase in n as shown in Table 4 . This result is consistent with the experimental values of the decay rates given in the Table. However, in case of hybrid mesons the wave function at origin increases with n as shown in Table 2 . It is also noted that wave function at origin for a hybrid state is significantly lower than for the same conventional states. This makes decay widths of hybrids much lower than the conventional bottomonium mesons as shown in Table 4 and 5. Thus the hybrid states are characteristically different from conventional states as their leptonic and two photon decay rates are smaller and also increasing function of n as shown in Table 4 and 5. This result can be very useful in finding the clues of hybrids in the experimental data. Our results in Table 1 and 2 also show that for the same quantum numbers (n, L, and S) root mean square radii of hybrid mesons are greater than conventional mesons. It is also noted that radii of conventional and hybrid mesons increase with radial and angular excitations.
Our calculated radiative magnetic dipole (M 1) transitions and electric dipole (E1) transitions are reported in Tables (6-11) using the relativistic and non-relativistic masses. In the M 1 transitions the initial and final states belong to the same orbital excitation but have different spins, and in the E1 transitions the orbital quantum numbers of initial and final states are changed but spins remain the same. Radiative transitions of excited bottomonium states are important because they provide a way to access bb states with different internal quantum numbers (n, L, S, J). χ b (1P ) and χ b (2P ) states have been studied experimentally through the radiative decays of Υ(2S) and Υ(3S) states [30] . Recently ATLAS collaboration and LHCb reconstructed the χ b (1P, 2P, 3P ) states through the radiative decay χ b (nP ) → Υ(1S, 2S) [31] . It is noted that E1 Radiative transitions are typically of order of 1 to 10 keV, whereas M1 transitions are reduced due to the m 2 b factor in the formula. Nevertheless M1 transitions have been useful in observing spin singlet states that are difficult to observe otherwise. It is also found that E1 transitions are suppressed for transition between the states that differ by 2 radial nodes like 5S → 3P , 3P → 1D, 4P → 2S, 4D → 2S, 4D → 2P and 3D → 1F [32] except the 3P → 1S. We find same behavior in the case of radiative transitions of hybrid bb states. Generally both E1 and M1 transition rates are also very small when the transitions occur between the states with close masses because of reduced value of E γ , whereas the transition rates of strong decays are of order of few MeV [24] . As a result the branching ratios of radiative transitions are significantly reduced when strong decays open at the threshold of BB states of energy 10.56 GeV. Thus, branching ratios of radiative transition can be significantly high for the conventional 1S, 2S, 3S, 1P, 2P, 3P, 1D, 2D, 1F, and 1G states having mass less than 10.56 GeV. In case of hybrids states the branching ratios of radiative transitions are expected to be small because the mass of even lightest hybrid states is greater than BB channel threshold and hence competing strong decays are open for all hybrids. In Tables (6-11) the comparison of the decay widths of radiative transitions of conventional and hybrid bb states with the available experimental data and results of refs. [24, 33] is provided. For most of the transitions the results are comparable to available experiments and other theoretical models. Reported values of decay widths of radiative transitions of hybrid bb states show that these values are smaller as compared to the values for corresponding transition for conventional states. These differences can be attributed to differences in the values of masses and radial wave functions.
Using our calculated masses and reported widths of conventional and hybrid mesons, we can identify the Υ(10860),Υ(11020), and Y b (10890) with help of the available experimental data.
(a). Υ(10860)
Υ(10860) has mass 10891 ± 4 MeV, J P C = 1 −− , and leptonic decay width 0.31 ± 0.07 keV [34] . The comparison of its experimental mass with calculated values of 1 −− states shows that Υ(10860) could be 5S or 6S state of conventional bottomonium or h h b (1P ) hybrid state. However, Table 4 shows that calculated value of leptonic decay width of 5S state (0.23 keV) is closer to experimental value than that of 6S state. Since the leptonic decay widths of hybrid states are generally much lower than the conventional states, Υ(10860) is unlikely to be a hybrid states. Thus we suggest that Υ(10860) is 5S state of conventional bottomonium. Ref. [28] also assigns Υ(10860) as 5S while ignoring the relativistic corrections, which are quite significant for bottomonia. In this reference the parameters of potential are fitted using S states only, whereas we include 10 bottomonium mesons with different S, P , and D states. On the other hand the Ref. [22] assigns it 6S state using a potential which is screened at small distance by lightpairs created in hadronic vacuum. However, their analysis is merely based on the comparison of mass values.
(b). Υ(11020)
Υ(11020) has mass 10987.5 +11 −3.4 MeV, J P C = 1 −− , and leptonic decay width Γ ee = 0.130 ± 0.030 keV [34] . The comparison of its experimental mass and J P C with our results implies that it could be 6S state of conventional bottomonim or 2P hybrid state or 3P hybrid state. However, the possibility of this being hybrid is unlikely as the measured decay width is higher than that expected for the hybrids. As given in Table 4 the calculated value of Γ ee for 6S state is 0.20 keV, assuming the relativistic correction term ∆(nS) = 0.20 (estimated from the experiment value of Γ ee of 4S state). As remarked earlier that the value of ∆(nS) is state dependent and expected to be small for higher excited states. If this correction term is ignored for 6S state then calculated Γ ee reduces to 0.128 keV which is very close to experimental value. Refs. [23, 28] also assign Υ(11020) as 6S state of bottomonium meson contrary to Ref. [22] . This reference assigns Υ(11020) to 7S state along with Υ(10860) to 6S state by considering 5S state as yet undiscovered.
(c). Y b (10890)
Y b (10890) has mass 10888.4 ± 3 MeV [35] , J P C = 1 −− , and leptonic decay width is yet not measured. The measured value of mass in this case closely corresponds to 5S state of conventional bottmonium and 1P hybrid state, both having J P C = 1 −− . Since we have 5S state assigned to Υ(10860), therefore we suggest that Y b (10890) could be 1P hybrid state. Ref. [26] also suggests that Y b (10890) is a candidate for bottomonium hybrid 1 −− state and its decay to the Υ suggests that Y b (10890) is not a conventional bottomonium meson as this decay violates the spin symmetry. In Refs. [36, 37] , estimated mass of 1 −− bottomonium hybrid is compatible to the mass of Y b (10890). However, Refs. [38] are in favour of Y b (10890) being a tetra-quark.
Summary
We show that our lattice-based extension of the quark potential model to gluonic excitations allows us to conveniently calculate the properties of both the conventional and hybrid bottomonium mesons without and with orbital and radial excitations. All this is needed to actively take part in the discussion for recognizing mesons in this sector. Relativistic corrections are included in our work. We find additional evidence to support the recent suggestion of assigning Y b (10890) to be 1P hybrid state. Our calculated conventional and hybrid masses and leptonic widths indicate that Υ(10860) and Υ(11020) are 5S and 6S states of bottomonium mesons. We find how much hybrid meson masses and radii are more than those of the conventional mesons for the same n, L and S quantum numbers. Due to smaller values of the radial wave functions at origin for hybrids as compared to conventional meson states, our leptonic and photonic decay widths of hybrid states are much smaller than the conventional states. It is also observed that in contrast to the trend for the conventional mesons, hybrid decay rates increase with principal quantum number. These can be useful signatures for recognizing hybrid mesons. Our values of M 1 and E1 radiative transition for conventional bottomonium mesons have a good agreement with the corresponding experimental data. We find that for hybrid bb states the values of the radiative decay widths are generally smaller than for conventional states. Given that the masses of hybrids states are always greater than BB threshold, we require high statistics to detect any signal for hybrids states notable through radiative transitions in present and future B factories.
Overall, this implementation indicates that our extended potential model can be used to advance predictions in a variety of meson sectors. Table 2 : Our calculated masses, root mean square radii and radial wave function at origin for ground, radial and orbital excited states bb hybrid bottomonium mesons.
Meson J P C
Our calculated mass our calculated our calculated Table 6 : S → P , E1 radiative transitions. Experimental results with † sign are calculated by considering the experimental measured branching ratio [42] and total decay width calculated in ref. [24] . we use the experimental masses if known. Otherwise, theoretically calculated masses are used given in Table 1 
